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Abstract 

Hawking radiation is an important quantum phenomenon of black hole, which is closely 
related to the existence of event horizon of black hole. The cosmo logical event horizon 
of de Sitter space is also of the Hawking radiation with thermal spectrum. By use of 
the tunneling approach, we show that there is indeed a Hawking radiation with tempera- 
ture, T = l/27rf% for locally defined apparent horizon of a Friedmann- Robertson- Walker 
universe with any spatial curvature, where is the apparent horizon radius. Thus we 
fill in the gap existing in the literature investigating the relation between the first law 
of thermodynamics and Friedmann equations, there the apparent horizon is assumed to 
have such a temperature without any proof. In addition, we stress the implication of the 
Hawking temperature associated with the apparent horizon. 
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Introduction: A remarkable feature of black hole is the existence of event horizon. The 
event horizon can be viewed as boundary of black hole. It is the existence of event horizon 
so that Hawking [lj found that black hole behaves like a black body, emitting thermal 
radiation, with a temperature proportional to its surface gravity on the event horizon and 
Bekenstein argued [2] that there is an entropy proportional to its horizon area for a black 
hole. The Hawking temperature and horizon entropy together with the black hole mass 
obey the first law of black hole thermodynamics pjj. Hawking radiation and black hole 
entropy help us to deepen our understanding on properties of quantum gravity, although 
a completely self-consistent quantum theory of gravity is still not yet available so far. A 
seminal work relevant to Hawking radiation of black hole is done by Unruh j3] , who found 
that an uniformly accelerating observer with acceleration a in Minkowskian spacetime can 
detect a thermal spectrum with temperature T = a/2iT. Throughout the paper we use the 
geometric unit where c = h = 1, but we explicitly write down the gravitational constant 
G. The Unruh radiation is closely related to the existence of Rindler causal horizon for 
the observer. In addition, Gibbons and Hawking in 1977 showed [5] that very similar 
to black hole horizon, there is also a Hawking radiation with temperature T = l/2irl 
associated with cosmological event horizon in de Sitter space, here / is the horizon radius 
of de Sitter space. The existence of the cosmological event horizon is particularly clear in 
the static coordinates of de Sitter space, which is 



The cosmological event horizon locates at r = I. The Hawking temperature T = l/2nl is 
measured by a comoving observer at r = 0. Note that event horizon is a global concept 
for a spacetime. Therefore, locally it is not known whether there is an event horizon 
associated with a certain dynamical (time-dependent) spacetime at some time. Thus this 
causes the difficulty to discuss Hawking radiation for a dynamic black hole. More recently 
Hawyard et al. [6\ have attacked this issue. Using Hamilton- Jacobi equation of particles 
to discuss Hawking radiation of stationary black hole, see also [7]. 

Assuming there is a proportionality between entropy and horizon area, Jacobson [8] 
derived the Einstein field equation by using the fundamental Clausius relation, 5Q = TdS, 
connecting heat, temperature and entropy. The key idea is to demand that this relation 
holds for all the local Rindler causal horizon through each spacetime point, with SQ 
and T interpreted as the energy flux and Unruh temperature seen by an accelerated 
observer just inside the horizon. In this way, Einstein field equation is nothing, but an 
equation of state of spacetime. Applying this idea to f(R) theory p, EH EH] and scalar- 
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tensor theory PH1[I2], it turns out that a nonequilibrium thermodynamic setup has to be 
employed. For another viewpoint, see [TBI [Ti] . 

It is quite interesting to note that assuming the apparent horizon of a Friedmann- 
Robert son- Walker (FRW) universe has temperature T and entropy S satisfying 



where f ^ is the radius of the apparent horizon and A is the area of the apparent horizon, 
one is able to derive Friedmann equations of the FRW universe with any spatial curvature 
by applying the Clausius relation to apparent horizon [15] . This works not only in Einstein 
gravitational theory, but also in Gauss-Bonnet and Lovelock gravity theories. Here a key 
ingredient is to replace the entropy area formula in Einstein theory by using entropy 
expressions of black hole horizon in those higher order curvature theories. For related 
discussions see also [16J. These results should closely relate to the fact that Einstein field 
equation can be rewritten as an unified first law [17] . Indeed, at the apparent horizon of 
FRW universe, the first Friedmann equation can be cast to a universal form like the first 
law of thermodynamics [T2"j [T8] . Note that in those works the apparent horizon is also 
assumed to have a temperature T = k,/2it without any proof, here k is the surface gravity 
of apparent horizon. This form also holds in RSII brane world scenario, warped DGP 
model and even more complicated case with a Gauss-Bonnet term in bulk [19] . Based on 
this, one is able to find the relation between entropy expression of apparent horizon and 
horizon geometry in brane world scenarios. These results have been summarized in [20] . 
For further discussions in this direction see [2TJ . On the other hand, there also exist some 
studies in the relation between Einstein field equation and first law of thermodynamics 
in the setup of black hole spacetime [22] . 

However, a crucial problem remains in those investigations relating Friedmann equa- 
tion to the first law of thermodynamics. That is, is there indeed a Hawking radiation 
with temperature T = l/2irrA associated with the apparent horizon of the FRW uni- 
verse since in those studies it is assumed without strict proof? Which observer sees the 
Hawking temperature? In the present paper we are going to fill in this gap. By applying 
the Hamilton- Jacobi method [7] and Parikh-Wilczek approach [23J, which are initially 
designed to study the Hawking radiation of stationary black hole as a tunneling process 
of particle, we show that as in the case of black hole horizon, there is indeed a thermal 
radiation for the apparent horizon of FRW universe. 

Hamilton- Jacobi Method: Let us start with the FRW metric 
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where t is the cosmic time, r is the comoving coordinate, a is the scale factor, dVt\ denotes 
the line element of a 2-dimensional sphere with unit radius, k = 1, and —1 represent a 
closed, flat and open FRW universe, respectively. Define r = ar, the metric ([3]) can be 
rewritten as ds 2 = h a t,dx a dx b + r 2 <if2 2 , where x a = (t,r), h a b = diag(— 1, a 2 /(l — Ax 2 )). 
Without the whole evolution history of the universe, one cannot know whether there is a 
cosmological event horizon. However, apparent horizon always exists in the FRW universe 
since it is a local quantity of spacetime. By definition, h ab d a fdbf = 0, we can know the 
location of the apparent horizon in the FRW universe, f = ta = 1/ \J H 2 + k/a 2 . Here 
H = a/a is the Hubble parameter. When k = 0, the apparent horizon is just the Hubble 
horizon. We see that for a de Sitter space where if is a constant and cosmological event 
horizon radius is H' 1 , the apparent horizon and cosmological event horizon coincide with 
each other only in the case of k = 0. 

In order to discuss the tunneling of particle, it turns out convenient to use the coor- 
dinates (t,f). In that case, the metric §5§ can be rewritten as 

ds 2 = - ]~fJj\ dt 2 - m ! 2j dtdf + - .^ df 2 + r 2 dQ 2 2 . (4) 
l — kr z /a z l — kr z /a z l — kr z /a z 

We note that when k — 0, the metric is quite similar to the Painleve-de Sitter metric 
for the de Sitter space [24J, where ta = H^ 1 = I is a constant. For the metric PJ), the 
corresponding Kodama vector [25] is 

R a = _ e a6 V& ~ = ^l-kf 2 /a 2 (d/dt) a (5) 

where e a b = — ^ j= = (dt) a A (dr)^. Thus one has K a K a = —(1 — f 2 /f 2 A ). Therefore 
the Kodama vector is time-like, null and space-like as f < r% f = f a and f > ?a, 
respectively. Note that the Kodama vector is very similar to the Killing vector (d/dt) a in 
the de Sitter space (pQ), the latter is time- like, null and space- like when r < I, r = I and 
r > I, respectively. Note that the existence of the Kodama vector will play a crucial role 
in our discussion. 

Before preceding, let us stress some differences between stationary black hole spacetime 
and time-dependent dynamical FRW spacetime. For stationary black hole spacetime, one 
can define a time-like Killing vector. By the time-like Killing vector, one is able to obtain 
a conserved mass (energy) associated with the stationary black hole spacetime. Also one 
can define a conserved energy of a particle moving in the stationary black hole spacetime. 
On the other hand, there is no time-like Killing vector in the dynamical FRW spacetime. 
But the Kodama vector defined in (jSJ) could play a similar role in the FRW spacetime as 
the time-like Killing vector does in the stationary black hole spacetime. By the Kodama 
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vector, one can define a conserved quantity [2H], Misner-Sharp energy [27], for the FRW 
spacetime, which plays a crucial role in investigating the relation between the first law 
and Friedmann equations [T2l [18] . By the time-like Kodama vector inside the apparent 
horizon, one can also therefore define a conserved energy of a particle moving in the FRW 
spacetime, very like the case for the time-like Killing vector in the stationary black hole 
spacetime. This point is crucial in the following discussion. 

Following the discussion for a dynamical black hole [6], we consider a particle with 
mass m radially moving in the background (J4]). The Hamilton- Jacobi equation is 

g^d^S + m 2 = 0. (6) 

By use of the Kodama vector ([5]), one therefore can define the energy u and radial mo- 
mentum kf associated with the particle 



uj = -K a d a S = -y/1 - kf 2 /a 2 d t S, kf = (d/dr) a d a S = d f S. (7) 

Thus the action S can be written as 

S = - / ; = dt + I k f dr. (8) 
J ^Jl-kP/a 2 J 

Substituting the action into the Hamilton- Jacobi equation, one has 

" 2 + , 2Hfu K, + (i- r Z)kl + m > = o, (9) 



l-kr 2 /a 2 _ kf 2 /a 

which has solutions 



r A 



-Hr ± JH 2 f 2 + (1 - r 2 /r 2 A )[l - m 2 (l - kf 2 /a 2 )/uj 2 J 

kf = — , = = u, (10) 

(1 — f 2 /f\)Jl — kf 2 /a 2 

where the plus/minus sign corresponds to an outgoing/incoming mode. Now we consider 
an incoming mode since the observer is inside the apparent horizon, like the case of particle 
tunneling for the cosmological event horizon in de Sitter space [21] . It is obvious that the 
action S has a pole at the apparent horizon. Through a contour integral, we obtain an 
imaginary part of the action 



Hr + JH 2 r 2 + (1 - f 2 /f\)[l - m 2 (l - kf 2 /a 2 )/u J 
ImS = — Im / = -udf 



(1 — r 2 /r\)^Jl — kr 2 /a 2 

Tlf A UJ. (11) 
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Note from (1101) that in the coordinate (j3J), there is no contribution of an outgoing particle 
to the imaginary part of the action, as in the case of an ingoing particle in the black 
hole spacetime [23] . In the WKB approximation, the emission rate T is the square of 
the tunneling amplitude (here the particle tunnels from outside to inside the apparent 
horizon) 



Combining ( fT2l) with ( jTTT) . one can see clearly that the emission rate can be cast in a form 
of thermal spectrum, T ~ exp(— uj/T), with temperature 



Thus we have finished the proof that an observer inside the apparent horizon will see a 
thermal spectrum with temperature (fTB"]) when particles tunnel from outside the apparent 
horizon to inside the apparent horizon. This can be explained as Hawking radiation of 
apparent horizon in the same spirit in the tunneling approach proposed by Parikh and 
Wilczek that the Hawking radiation of black hole is expressed as a tunneling phenomenon. 
Furthermore, at this level of approximation, the mass of particle does not enter the emis- 
sion rate. This is just the remarkable feature of thermal spectrum. In addition, let us 
stress here that since the energy uj is measured by the observer with the Kodama vec- 
tor ([5]), the thermal spectrum is therefore seen by the same observer. That is to say, 
the Hawking temperature (fTB"]) is measured by the Kodama observer inside the apparent 
horizon. 

Tunneling of Massless Particle: Next we further show that one can indeed assign the 
temperature ( fi~3l) to the apparent horizon of the FRW universe by following the standard 
approach of massless particle tunneling across the de Sitter horizon |24). The basic idea 
is the same as the above, in the semiclassical approximation (WKB approximation), the 
emission rate can be related to the imaginary part of action of a system. As in the case 
of de Sitter space [21], we will consider the s-wave emission of massless particle. Higher 
partial wave emission is suppressed by h. In the s-wave approximation, particles can be 
viewed as massless shells, and move along a radial null geodesic. 

The radial null geodesic for the metric obeys 



where the plus/minus sign corresponds to an outgoing/incoming null geodesic. We con- 
sider an incoming geodesic since the particles tunnel from outside to inside the apparent 
horizon. In addition, let us note that we are only interested in the imaginary part of 
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action, therefore we need only to calculate the imaginary part produced by the tunneling 
particles since remaining part is always real. The imaginary part is produced by particles 
tunneling through a barrier, the classically forbidden region. The imaginary part can be 
obtained as follows. 

f r f _ f r f f Pf 

ImS = Im / pfdr = Im / / dp f df, (15) 



o 



where p? is the radial momentum, fj is the initial position, slightly outside the apparent 
horizon. And f/ is a classical turning point, there the semiclassical trajectory can join 
onto a classical allowed motion. Furthermore, using the Hamlitonian equation, 



dH _ dH 

dpf dp? 



f 



(16) 



where H is the Hamlitonian of the particle, the generator of the cosmic time t, we can 
carry out the integration in ( fl"5]) as follows, 



f r f f ~ 1 
ImS = Im / dr dH- 

i J r 

Im / df- 



n 



-ulm 



fyj 1 — kr 2 /a 2 
f f dr 



s[\ - kf 2 /a 2 {^H 2 f 2 + (1 - f 2 /f 2 A ) - Hf) 
= nf A uj (17) 

Note that in de Sitter space case, the integration over the Hamiltonian H simply gives 



the energy to of the particle. In our case, it gives us to/yl — kf 2 /a 2 since our energy 
of the particle is measured by an observer with the Kodama vector ((7j). Thus using the 
interpretation of emission rate ( fl2l) . once again, we arrive at 

2ImS 27rf J 4 ^ 

Thus we have shown again that the apparent horizon of FRW universe has an associated 
temperature, l/27rf^, like event horizon of black hole. 

Conclusion and Discussions: In summary, by using the tunneling approach proposed 
by Parikh and Wilczek, we have finished the proof that the apparent horizon of FRW 
universe has indeed an associated Hawking temperature §2§, filling in the gap existing in 
the literature. The Hawking temperature is measured by an observer with the Kodama 
vector ([5]) inside the apparent horizon. With this, we can conclude that Hawking radiation 
is not always associated with event horizon of spacetime. That is to say, the existence 
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of event horizon is not a key cause of Hawking radiation, which was widely accepted 
before in the community of black hole physics. In addition, some remarks are in order. 
First, Hawking temperature is always related to surface gravity of horizon as T = |k|/27t, 
where k is surface gravity of horizon. For the FRW universe, it is known that the surface 
gravity of apparent horizon is [15J: k = —(1 — f j^j {2Hr ^))jr j^. In deriving Friedmann 
equations by using 5Q = TdS, a key point is to calculate the amount of energy crossing the 
apparent horizon in an infinitesimal time interval. During the infinitesimal time interval, 
the radius of the apparent horizon is assumed to be fixed, that is, f> = 0. Thus one is 
led to T = l/27rfx- On the other hand, the tunneling process discussed in the present 
paper is an instantaneous one, one has naturally r & = 0. Therefore we have the Hawking 
temperature §2§ for the apparent horizon of FRW universe. In general, one believes there 
is a well-known relation between Hawking temperature and surface gravity for spacetime 
horizons, T = \k\/2tt. Therefore, it is of great interest to see the recovery of the relation 
by improving our discussions. Second, in the present paper, since did not consider the 
back-reaction of Hawking radiation, we therefore obtained an exact thermal spectrum 
of apparent horizon radiation. Naturally, if the back- reaction is taken into account, the 
radiation spectrum will deviate from the thermal spectrum. Since the deviation from 
the thermal spectrum of black hole is intensively discussed in the literature, we do not 
repeat here. Third, our proof can be easily generalized to the case of higher dimensional 
FRW universe with the same temperature ([2]). Finally we stress that although we get the 
Hawking temperature in the coordinates (HI), one can reach the same conclusion starting 
with the metric (Ej) within the Hamilton- Jacobi method. 
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